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We study the renormalizability in theories of a self-interacting Lifshitz scalar field. 
We show that although the statement of power-counting is true at one-loop order, 
in generic cases where the scalar field is dimensionless, an infinite number of counter 
terms are involved in the renormalization procedure. This problem can be avoided 
by imposing symmetries, the shift symmetry in the present paper, which allow only 
a finite number of counter terms to appear. The symmetry requirements might have 
important implications for the construction of matter field sectors in the Hofava- 
Lifshitz gravity. 


I. INTRODUCTION 

In 1941, Lifshitz proposed a scalar field theory with an unconventional scaling property 
to describe tri-critical phenomena in condensed matter physics [1] . The scalar theory, called 
the Lifshitz scalar theory, has an improved UV behavior due to the following anisotropic 
scaling of space and time 

t ^ ¥t, X* —{i = l,...d). (1) 

This scaling is called the Lifshitz scaling. The integer z denotes the dynamical critical 
exponent, which indicates the degree of anisotropy between space and time. Because of this 
anisotropic scaling, the Lorentz symmetry is explicitly broken for z ^ 1. 

In 2009, using Lifshitz’s idea of the anisotropic scaling, Hofava proposed a renormalizable 
theory of gravity [ 2 ], which is now called the Hofava-Lifshitz (HL) gravity. This gravity 
theory was constructed to be power-counting renormalizable by utilizing the Lifshitz scaling 
with z = 3 in (1 -|- 3)-dimensions. This remarkable property has triggered extensive studies 
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in the application of the HL gravity to the cosmological problems (for a review, see |3j and 
references therein), the emergence of the dark matter as an integration constant and so 
on. 


While the applications of the HL gravity have been extensively studied, other types of 
held theories with the Lifshitz scaling, particularly theories of a Lifshitz scalar, have also 
been investigated to solve some problems of particle physics (for a review, see [5j) and to 
understand quantum aspects as a toy model of the HL gravity |S]. In recent years, the 
quantum properties of Lifshitz scalar theories have been studied [7j. 

In this paper, we study the renormalizability of theories of a Lifshitz scalar, as simple 
examples of Lifshitz scaling theories. Although theories with the z = D scaling, such as the 
HL gravity, are expected to be renormalizable from the viewpoint of power-counting, it has 
not yet been rigorously shown that all UV divergences can be canceled by a hnite number of 
counter terms. We explicitly calculate one-loop contributions in theories of a Lifshitz scalar, 
to understand the structure of UV divergences in Lifshitz-type theories. We show that the 
power counting argument works at one-loop order. 

One of the benehts of the Lifshitz scaling is that in the discussion of power-counting, 
higher order interaction terms behave well due to the different scaling property from that in 
the standard held theories with the Lorentz symmetry. In particular, in (l-|-Zi))-dimensional 
theories with the z = D scaling, the scalar held 0 becomes dimensionless (see eq.([^), and 
any interaction term with 2z or fewer spatial derivatives is renormalizable in the sense of 
power-counting (see eq.(lO)). This means that there can be inhnitely many types of UV 
divergent diagrams, so that we are forced to deal with an inhnite number of counter terms. 
This problem can be avoided by prohibiting potentially dangerous interaction terms which 
cause inhnitely many UV divergences. One natural way is to impose symmetries which 
restrict the possible forms of interaction terms in the Lagrangian. In this paper, we consider 
a simple model of this type: a theory of a single Lifshitz scalar held (j) with the shift symmetry, 
i.e. the invariance under the shift^ 


6 +c. 


( 2 ) 


We show at one-loop order that all UV divergences can be canceled by a hnite number of 
counter terms. 

This paper is organized as follows. In Sec. [11} some basic properties of the Lifshitz scaling 
are briehy reviewed. In Sec. HI we discuss the importance of symmetries which make the 
number of counter terms hnite. In Sec. jlV} (1 -I- 3)-dimensional Lifshitz scalar actions with 
the z = ?) scaling are discussed and interaction terms with/without the shift symmetry are 
presented. In Sec.jV} we calculate certain types of one-loop diagrams. After seeing some 
examples in Sec.|VA| and VB we prove in Sec. VC that, at one-loop order, all the UV 


^ The shift symmetry can also be viewed as a C/(l) symmetry if is a periodic scalar field: (p ~ (f)+2Tr. Such 
a scalar field naturally appears, for instance, as a Nambu-Goldstone mode of a U(l) symmetry breaking. 
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divergences can be absorbed by shifting bare parameters in the action. We also discuss 
higher loop diagrams from the viewpoint of the superhcial degrees of divergence and see 
that inhnitely many types of UV divergences appear in a generic theory, whereas there is no 
UV divergence for n-point diagrams with n > 6 in the presence of the shift symmetry. In 
Sec.|VD[ we also discuss some non-symmetric theories which can be obtained by deforming 


the symmetric theory. Finally, we give the summary and discussion in Sec. VI 


II. POWER-COUNTING 


In this section, we recapitulate the discussion of power-counting. In Sec. |II A| , we deter¬ 
mine the scaling dimensions of space, time and the scalar held 0 from the quadratic action. 


In Sec. IIB from these dimensions, we construct all interaction terms which are harmless 
in the sense of non-negative dimensionality of their coupling constants. 


A. Lifshitz scaling 


The primary reason of studying theories with the Lifshitz scaling is to construct theories 
with an unconventional scaling property by modifying the scaling between space and time. 
In the relativistic theory, in the natural units c = h = 1, the scaling dimensions of both time 
and spatial directions are identical, i.e. [dx] = [dt] := [E]~^, where [E] is the energy scale. 
A standard relativistic action for a scalar held 0 takes the form 

5 = y dtd^x 

where di is the partial derivative with respect to the spatial coordinates x^ {i = 1, ■■■, D). 
The scaling dimension of the scalar held 0 can be read from the kinetic part of the action: in 
terms of the energy scale, it is given by [0] = Using this scaling property of the 

coordinates and the scalar held, we can derive the scaling dimensions of interaction terms. 
This power-counting procedure is also applicable to the case with the Lifshitz scaling, where 
interaction terms scale diherently from those in relativistic theories. 

The Lifshitz scaling of the space-time coordinates is dehned by 

[dt] = [dxY (:= [U]-^), (i.e. [dt] = [diY), (4) 

where z \s a. positive integer. Because of the diherent scalings between time and space, 
theories with z 7 ^ 1 do not have the Lorentz symmetry. A simplest example with this 
scaling property is the following quadratic action violating the Lorentz symmetry: 

5 = j dtd^xi^- {dtYf - ^0(-A)>|, (5) 




( 3 ) 
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where A (:= df) is the spatial Laplacian.^ From this free action, we can read the scaling 
dimension of 0: 

[ 0 ] = [E]^D-.)/2._ 

For z = 1, the action ([^ reduces to that of the free Lorentz-symmetric theory. On the 
other hand, in the case oi z = D, the held 0 becomes dimensionless, and hence the scaling 
dimensions of interaction terms are insensitive to the number of 0. Consequently, such 
theories have the interesting properties that any interaction terms with the same number of 
spatial derivatives have the identical dimension. Hereinafter, we investigate the theory with 
z = D {in UV regime). 


B. Power-counting renormalizable interactions 


Here, we construct interaction terms expected to be harmless from the viewpoint of the 
power-counting renormalizability. From an analogous discussion to that for the Lorentz 
symmetric theories, we expect that the power-counting is helpful to check the renormaliz- 
ability also in the case of Lifshitz scaling theories. In the argument of the power-counting, 
we look at the dimensions of coupling constants and if all of them are non-negative, such a 
theory is supposed to be renormalizable. Similarly, we construct apparently renormalizable 
interaction terms in the Lifshitz scalar theory. In the following, we restrict ourselves only to 
the case with z = D where the held 0 is dimensionless. 

First, let us look at the n-point interaction term which takes the form 

Sn = Xn J dtd^x (j)^. (7) 

From the scaling dimensions of the space-time coordinates Q and the held 0 (§ , we hnd 
the dimension of A„ is given by 

1A„] = |B|". (8) 


Since [A„] is positive for any n, any term without derivatives is renormalizable in the sense 
of power-counting. 

Next, let us look for the possibility of the interaction terms with derivative couplings: 


c _ \ 


dtd^X 0 “ 0 " 


(9) 


Note that this simplihed expression denotes an n-point interaction which contains a spatial 
derivatives acting on n 0’s. The dimension of Xa^n is calculated to be 




( 10 ) 


The number of time derivatives is kept to second order to evade the ghost problem associated with 
higher-order time derivatives. 
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Therefore, any interaction (|^ with a < 2z is power-connting renormalizable. 

The symbol z is sometimes (especially in cosmology) nsed to indicate both the dynamical 
exponent and the nnmber of spatial derivatives; a term with a spatial derivatives is called 
a z = a/2 term. In this paper, to avoid the confnsion, we nse the symbol Zi to indicate the 
number of derivatives, while 2 ; is used for the dynamical critical exponent. 


III. RENORMALIZABILITY AND IMPORTANCE OF SYMMETRY 


We have seen above that in the theory with z = D, any interaction terms with 2z or 
fewer spatial derivatives but with any n power of 0 are renormalizable from the viewpoint of 
power-counting. The UV divergence behavior of such terms is demonstrated by an example 
of 1-loop graph in Sec. VB It means that we need to introduce an infinite number of counter 
terms, and hence an inhnite number of parameters appear in the theory. There appear two 
possible problems related to these inhnitely many counter terms. We propose a resolution 
to these difficulties. 

One of the important characteristics of renormalizable theories is predictability. In the 
case of finitely many interaction terms, all parameters can be fixed by a finite number of 
renormalization conditions, uniquely determining physical quantities, i.e. theories with a 
finite number of parameters have predictability. On the other hand, if there are infinitely 
many parameters, it is impossible to fix all of them with a finite number of experimental 
data. Such theories lose complete predictability.^ 

If a theory admits infinitely many power-counting renormalizable terms, the RG flow 
generates all such terms. They remain in the effective action in the low energy limit. It is 
not allowed to arbitrarily truncate the action and we have to keep track of the RG flows of 
all the coupling constants of renormalizable interactions. It is practically hard to deal with 
such a theory unless we have some handle on the infinite dimensional RG flow equations.^ 

Both of the above concerns come from the fact that all power-counting renormalizable 
terms appear as counter terms for divergent loop diagrams. We can avoid this problem 
by removing renormalizable but harmful interaction terms which lead to infinitely many 
divergences. Restricting the forms of interaction terms by hand may be possible but it is 
too ad-hoc, one natural way is to impose symmetries on the action. The HL gravity is 
one such example: the invariance under the foliation-preserving diffeomorphism prohibits 
infinitely many counter terms. Another example is the Lifshitz scalar theory with the shift 
symmetry for 0, see eq.([^, which we will focus on in this paper. Both problems mentioned 
above will be shown to be avoided in this theory. 


^ It is possible to predict some quantities by fixing a portion of parameters as in the case of, for example, 
the chiral perturbation theory. 

The non-linear sigma model in two dimensions can be viewed as one such example, and there are still 
many discussions (see, for instance, [8]). 
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Considering the coupling with other helds, it is hard to restrict the forms of interaction by 
hand and symmetries are more helpful. Without symmetries, we hardly predict which terms 
are needed for the renormalization. The importance of symmetries for the renormalizability 
may have important implications for the construction of a consistent model with the Lifshitz 
scaling. For instance, when we introduce matter helds in the HL gravity, the requirement of 
symmetries will be helpful as a guide to construct a consistent action. Without any symme¬ 
try, scalar held theories with the z = D scaling in general have the problems associated with 
inhnitely many counter terms since the harmful interaction terms can be generated through 
the interactions with other helds. The symmetry requirement imposes constraints not only 
on the form of action for matter helds, but also on their couplings to the gravity and other 
helds. 


IV. z = 3 LIFSHITZ SCALAR IN (1 + 3)-DIMENSIONAL SPACE-TIME 


In this section, we construct the power-counting renormalizable action of the 2 ; = 3 
Lifshitz scalar theory in the (1 -I- 3)-dimensional hat space-time. In theories with z = 3, the 
action contains couplings with zt < 3, that is, interaction terms with six or fewer spatial 
derivatives. Since terms with Zi < 3 become less important than those with Zj = 3 in 
the high energy limit, the quadratic action implies that that such a theory has the scaling 
[dt] = [dx]^ in the UV regime. Then, as we have seen in Sec. IIB, only Zi < 3 terms are 


renormalizable. First, we enumerate all the possible third-order terms with Zi = 3, and then 
we show how the shift symmetry ([^ reduces the number of allowed terms. After that, we 
explicitly write down all the possible Zi < 3 terms with the shift symmetry. 

The most general Zi <3 quadratic part of the action takes the form 


S '2 = - / dtd^x 


{dt(t)f cj)Ocj) 


with 


C> = A' 


sA" + cf A 


m 


( 11 ) 


Note that we can always rescale the held 0 and the coordinates to normalize the coefficients 
in front of and In the UV regime, since A^ term becomes dominant in the 

differential operator O, we can ignore the other terms and hence S 2 reduces to the Zi = 3 
quadratic action ([^. 

Recalling that [0] = 0 in the present case {z = D = 3), any interaction term with Zi < 3 
satishes the condition of the power-counting renormalizability. Such terms are written as 


00 

Sint = Sz^<3^n 5 ( 12 ) 

n=3 

where n indicates the order in 0. In this action, each term can have independent coupling 
constant and hence an inhnite number of independent counter terms would be needed to 
renormalize the theory. 
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To ensure the theory to be renormalizable by finitely many counter terms, we introduce 
the shift symmetry ([^. In a shift symmetric action, the scalar field 0 must always appear 
in combination with space-time derivatives. Let us see how the shift symmetry restricts the 
form of the action in the simple case of cubic terms with Zi = 3. The most general Zi = 3 
cubic terms can be written as follows 

5'3,3 = J dtd^x {ai(p^A^(p +a 2 {A‘^(p){di(j)f + a 3 {A(j)f} , (13) 

where we have ignored terms related by the integration by parts and chosen the above three 
terms as independent interactions [9]. In the last two terms, all 0’s have derivatives acting 
on them and hence these two terms are invariant under the shift 


6 +c. 


(14) 


On the other hand, the first term is not invariant, that is, the shift symmetry forces ai to 
vanish. 

The shift symmetric four-point interaction terms with Zi = 3 were derived by Izumi, 
Kobayashi and Mukohyama [9]: 

5'3,4 = j dtd^x {a4 {A(j)f (0^0)^ -f- {didjCpf {dk(j)f + 06(0*0^0^0)(5*0)(5j0)(5fc0)}- (15) 
There is one shift symmetric term in each of ^* = 3 five and six-point interaction terms: 

S' 3,5 = "7 y dtd^x ( 0 * 0 )^ ( 0 i 0 )^ A0, 

S 3,6 = "8 y (0fc0)^ . (16) 

Higher-order terms never appear since the shift symmetry requires that the order of 0 is 
less than or equal to the number of spatial derivatives, which should be less than or equal 
to 22 ; = 6 so that the theory is power-counting renormalizable. For Zi < 2 terms with the 
shift symmetry, we have only two possibilities: 


82,3 ~ J {di(t>)‘^ A0, 

*S'2,4 = aio [ dtd^x {di(j)Y (0^0)" 


(17) 


There is no possible z* = 0,1 interaction term. Therefore, the shift symmetric action for the 
z = 3 Lifshitz scalar field consists of thirteen terms: 0 with m = 0, ([I^ with ai = 0, 


(15), (16) and (17).^ Since the number of interaction terms allowed by the shift symmetry 


is finite, the discussion of the power-counting implies that the UV divergences in this theory 
can be absorbed by finitely many counter terms. 
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Note that the last term in (11) is symmetric since the variation under the shift is a total derivative term. 









FIG. 1: one-loop diagram of the 3-point function 


V. DIVERGENCES OF ONE-LOOP DIAGRAMS 

In this section, we investigate the structure of UV divergences in the perturbative expan¬ 
sion. Although it is hard to evaluate exactly one-loop contributions, we can easily extract 
the UV behavior of loop integrals which is needed for the check of renormalizability and 
counter terms. To this end, we concentrate on the high-energy contributions and expand 
the integrands of loop integrals with respect to external momenta. Since now we are in¬ 
terested only in the UV-divergences, we ignore the contributions from Zi < 2 part in the 
propagator, i.e. we approximate the propagator as 


A. Three-point one-loop diagram 


First, to understand the structure of loop integrals, we consider a simple example of 
the one-loop three point diagram (Fig.[^ with three vertices corresponding to the following 
Zi = ?> cubic interaction term: 


S's = / dtd^x a 3 {A(j)y 


(19) 


After the Wick rotation, the contribution form the one-loop diagram Fig. [T] becomes 

. ITwS (“s|k2l‘|Pl‘|k2 - pl'j ^-„ ^ 

P 

X (aalki p^ka - p^ki + ka]^) 


^3=j dupd^p (asIkiHpHki -h p|^) (aalkaHpnka - p|^) 


{(jji + (jjpY + |ki p|6’ 


(wa - ojpY + |ka - p|® 

( 20 ) 


where we have ignored the symmetry factor since it is not essential in our discussion. Let 
us focus on the domain of integration of large loop momenta compared with the external 
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momenta, i.e. |kj| <C |p|, oJi <C ojp. We expand each factor in the loop integral with respect 
to kj and uji. At the leading order, the loop integral is given by 


Ts — «3|kip|k2p|ki + k2 


dupd^p 



IpI 

12 


+ 

IpI 

6)3 


i + o(#lA 

Ip I 


( 21 ) 


Let us rewrite this integral in terms of the new variables dehned by 

oOp = p^cosO, |pP = p^sin6*, p = |kd p < A, 0 < 6* < tt), (22) 

IpI 

where A is a momentum cutoff. Integrating over the angle p, we hnd that the divergent 
part of this diagram is 


r A 3|1 |2|1 |2|1 ,1 \2 f dOdp 

F 3 = dTrcto ki k 2 ki-Fk 2 / - 

sin "0 + oP’^;n 

J P 

L \ J\ 

~ ^ k 2 Hki + k 2 p log A. 



(23) 


This divergence can be absorbed by the original action (19). The next leading order con¬ 
tributions, which have kf dependence, are UV-£nite since the higher order terms are more 
suppressed in the high energy regime. We have shown that Zi > 4 counter terms are not 
required. 


B. n-point one-loop diagrams 

The power-counting argument in Sec. |III| implies that without symmetries counter terms 
of any order in (j) with Zi <?> appear, whereas theories with the shift symmetry do not have 
77,-point interaction terms with 77 > 6. The shift symmetry (|^ imposes the condition that 
all 0’s must appear in combination with derivatives in the action. On the other hand, each 
term can have at most six spatial derivatives in the theories with z = ?>. Therefore, we 
expect that the difference of UV divergences in theories with or without the shift symmetry 
appears at 77 -point diagrams with n > 6. In the following, we evaluate 77 -point diagrams 
with certain types of vertices and show the difference between theories with and without the 
shift symmetry. 


i. Case without symmetry 

First, we consider diagrams in a theory without the shift symmetry. As an example, let 
us consider the rr-point one-loop diagram (Fig.[^ in which all the vertices are those for the 
following third-point interaction: 


S3 = ai 


dtd^x 0^A^0. 


(24) 
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FIG. 2: n-point diagram with S-point vertices 


FIG. 3: n-point diagram with 4-point vertices 


Since the leading order term is |p|® for all the vertices, the loop integral can be expanded as 


= a” / dupd^p 


oc a” / dpdO 


P 


,6n 


(a;2 -h 


sin"^ e + o{ - 

P 


l + Ol" 

\p 

k 




(25) 


The leading order contribntion is of order A®, so that there are UV divergences also in several 
higher order terms. These UV divergences can be canceled by the connter terms of the form 


Sconter ~ / dtd^x (A®0" + terms with derivatives) . 


(26) 


n=0 


We have shown that inhnitely many connter terms need to be introdnced. 


2. Case with shift symmetry 

Next, let us consider the case with the shift symmetry. Here, we consider the n-point 
diagram (n = 2m, Fig.j^ which consists only of the following shift symmetric four point 
interaction: 

S '4 = a 4 J dtd^X {Acjff {dicjff. (27) 

In this case, the leading order term of each vertex is proportional to k 2 i ■ k 2 i_i|p|^ so that, 
compared with the previous case, the integrand has a suppressed behavior for large |p|. 
Expanding in terms of the external momenta, we hnd that 



(28) 
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The diagram becomes less divergent for larger m and there is no divergence for n = 2m > 6. 
Therefore, the UV divergence from this type of diagrams can be canceled by a hnite number 
of counter terms. 

C. Finite number of counter terms in theories with shift symmetry 

In the examples above, we have seen that without the shift symmetry there are inhnitely 
many UV divergences whereas there is no divergence in the n-point diagram with n > 6 in 
the theory with the shift symmetry. In this section, we show in general that, at one-loop 
order, only z* < 3 counter terms are required and there are finitely many divergences in the 
shift symmetric case. 


1 . general discussion for one-loop diagrams 


In the theory with z = ?> scaling the action consists of < 3 interaction terms, which 
have at most six spatial derivatives. Since the numbers of internal lines and vertices are 
always the same in any one-loop diagram, it has the following schematic form 


T = / dOOpd^P V1D1V2D2 ■ ■ ■ VgDg. 


(29) 


Here, all the vertices Vj (/ = 1, 2 ■ ■ ■ ,q) are polynomials of the momenta of order less than 
or equal to six: 




with 


Oj < 6 and Oj > 0, 


(30) 


i=0 


where the coefficients C^ai} are functions of coupling constants and relative angles of mo¬ 
menta such as p ■ ki and ki ■ kj. The propagators for internal lines can be expanded as 


Dr = 


1 __ rptrlQ ^ 


(31) 


ujp+P^ - uj'^-\-p’^ ^ ^^2 ^ pSy 

where the coefficients C{b^ci,di} are functions of the relative angles and parameters of the 


model. The summation in eq.(31) is taken over all non-negative integers 6, Cj and di satisfying 

n 

66 > ^(3ci+ di). (32) 


i=0 


Then, combining (30) and (31), we find that any one-loop contribution takes the form 

T = f doopd^p (7| 


(^co pdo 






(33) 
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where the summation is taken over non-negative integers b, Ci and di satisfying 

n 

6 b > ^(3ci di), 


(34) 


i=0 


With the same change of variables as (22), eq.(33) can be rewritten as 

P . n 

;0)"°(sin0)t 


r = / dpdOd'^p ^{b,c,A} P'^ ' 


5—66-l-3co-|-do ! 


(36) 


2=1 


Therefore, the terms with 5 — 66-1- 3co + do > —1 have UV divergences. Note that the 


integration with respect to p and 6 never gives divergence. Taking into account (34), we 
hnd that UV divergences appear in the terms with 


^^(3cj -f di) 


< 6 . 


(36) 


2=1 


This inequality shows that we do not need to introduce Zi > 3 terms to absorb the diver¬ 
gences, since ^ • Cj and are the numbers of time and spatial derivatives in the counter 

terms. The above discussion also implies that any n-point diagram can have UV divergence, 
irrespective of the number of external lines. Therefore, in general, we are forced to deal with 
inhnitely many counter terms to absorb all types of UV divergences. 

On the other hand, in the theory with the shift symmetry, at least one spatial derivative 
is associated with each external line. Consequently, for any n-point diagrams, the numbers 


of the external momenta in (35) are all non-zero, that is. 


d, > 1 


Y,d 

2=1 


* > n. 


(37) 


This implies that the condition (36) cannot be satisfied for n > 6, so that there is no 


UV divergence in n-point diagrams with n > 6. Therefore, at one-loop order, all the UV 
divergences can be canceled by a finite number of counter terms in the shift symmetric case. 


2. Higher loop diagrams 

Next, let us discuss the case of higher loop diagrams. Since it is not easy to explicitly 
evaluate higher loop diagrams, we restrict ourselves to the discussion of the superhcial 
degrees of divergence. 

In a generic Lifshitz scalar theory, a naive estimation shows that a diagram has a UV 
divergence if the following superficial degree of divergence is non-negative: 

Z 

Ddiv = ‘^z{L — P) + 2ziVz., 

Zi=0 


(38) 
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where L is the number of loop integrals, P is the number of propagators and Vz^ (zi = 
0, • • • , z) are the numbers of vertices with 2zi spatial derivatives. Note that a generic vertex 
with 2zi spatial derivatives has 2zi loop momenta, so that its contribution to i^div is 2zi. 
Counting the number of undetermined momenta in the diagram, we hnd that the numbers 
of loop integrals, propagators and vertices are related as 

Z 

L = P - 5] V, + 1. (39) 

Zi=Q 

Then, eliminating L and P, we can rewrite Pdiv as 

Z 

Pdiv = 2^-5^2(;^-;^,)C2,,. (40) 

2i=0 

This shows that vertices with Zi = z do not change the superhcial degree of divergence. This 
is the reason why there are inhnitely many types of UV divergences. 

On the other hand, in the case with the shift symmetry, we also have to take into account 
the number of external lines. Since each external line attached to a shift symmetric vertex 
reduces Pdiv at least by one, the superhcial degrees of divergence of n-point diagrams satisfy 
the following inequality: 

Z 

Pdiv < 2^ - ^ 2 ( 2 : - Zi)V2zi -n < 2z -n. (41) 

Zi=0 

Since n-point diagrams with n > 2z = 6 always have negative Pdiv, they are expected to be 
hnite and hence hnitely many counter terms would be sufficient for the renormalization at 
any loop order. 


D. Deformations of symmetric theories 

We have seen in the argument of the superhcial degree of divergence that, in general, 
marginal couplings, i.e. interactions with 2z spatial derivatives, give rise to inhnitely many 
divergences. By removing such potentially dangerous terms from the action, we can con¬ 
struct “healthy” theories which can be renormalized by a hnite number of counter terms. 
As we have seen in the above, we can naturally restrict the forms of interaction terms by 
imposing the shift symmetry. Here, we discuss the possibility of non-symmetric theories 
which are free from the potentially dangerous terms leading to inhnitely many divergences. 

One simple example can be obtained by deforming a symmetric theory by new interaction 
terms which can be obtained from shift symmetric terms by replacing spatial derivatives into 
constants. For example, let us consider the deformed interaction obtained by replacing the 
cubic interaction term as 


^ (A.).)’ + + M,y^(A.).) + 


(42) 
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This corresponds to the following replacement of the vertex 


I |2| |2| |2 > I |2| 

|Pl| IP2I IPsI -t |Pl| |P 2 


2| |2 I ■Aj2n |2| |2 ,1 |2| |2 , 1 |2| |2\ 

IpsI +M 2 (|pi| IP2I +IP2I IpsI + IpsI |Pi| ) 


+ (|pi|^ + |p2|^ + IpsI^) + Mq. 


(43) 


Obviously, the behavior of this deformed vertex in the large momentum region is identical 
to that of original one. Furthermore, we can show that if n external lines are attached to 
this vertex, the superficial degree of divergence is reduced at least by n as in the case of 
the original vertex with the shift symmetry. Therefore, at one-loop order, n-point diagrams 
with n > 6 are finite. 

The explicit form of the interaction terms of this example is written in 


V 


k :=3 + "^2/2^47=2 + "^ t / 4 v ; 7 =i 




(44) 


where /„ is an n-th order polynomial of 0 and is a Zi = n interaction term with 

the shift symmetry. We can easily find that these terms can be obtained by the procedure 
discussed above. The shift symmetry is recovered, for instance, if we replace 1712/2 as 

^ 2/2 ='^ 2 ( 4 ^ + ^10 + ^ 0 ) -h A</)-h Cq. ( 45 ) 


Conversely, can be constructed from the Zi < 3 interaction terms with the shift 

symmetry by the replacement of derivatives. Therefore, if higher loop corrections do not 
require harmful counter terms, the z = 3 Lifshitz scalar theory with the potential (44) can 
be renormalized by a finite number of counter terms. 


VI. SUMMARY 


In this paper, we have discussed the renormalizability in the Lifshitz scalar field theories. 
In Sec.[^ we have reviewed theories with Lifshitz scaling and the power-counting procedure. 
If the dynamical critical exponent has the same value as the number of spatial dimensions 
(i.e. z = D), the scalar field becomes dimensionless. In this special case, the dimensions of 
interaction terms do not depend on the order of the helds, and thus any interaction term 
with 2z or fewer derivatives is renormalizable in the sense of the power-counting. We have 
explicitly checked in Sec.|V] that, at one-loop order, the power-counting argument for the 
renormalizability gives the correct answer also in the Lifshitz scalar theory. To prove it at 
any loop order, we should perhaps follow a similar procedure to the Bogoliubov-Parasiuk- 
Hepp-Zimmermann renormalization scheme. 

The discussion of power-counting shows that, in general, theories of a Lifshitz scalar with 


the z = D scaling, an infinite number of counter terms are required. In Sec.ffl, we have 
discussed the possible problems originating from the inhnitely many counter terms. Because 
of the necessity of an inhnite number of renormalization conditions, these types of theories 
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might not have complete predictability. Even if the theories with an inhnite number of 
counter terms are well-posed, there may be practical problems; we need to handle all the 
inhnitely many interactions, since all renormalizable terms have to be equivalently taken into 
account. The above possible problems can be avoided if only hnitely many counter terms 
are required. In Sec. V C we have explicitly shown that, at one-loop order, the number of 
required counter terms is hnite in the presence of the shift symmetry which prohibits the 
potentially dangerous interaction terms. We can End more candidates of consistent non- 
symmetric theories, if we allow ourselves to discard some power-counting renormalizable 
but harmful terms by hand. However, if such a theory is coupled to other sectors such as 
the gravity, there is no guarantee that the consistency is maintained since the dangerous 
terms which are not protected by symmetries can be generated through interactions with 
other sectors. 

The symmetry requirements may have important implications for the construction of a 
UV-complete theory with the Lifshitz scaling, such as the HL gravity with matter helds. 
The power-counting arguments allow an infinite number of coupling terms among helds and 
gravity [10]. If symmetries are really essential in the Lifshitz-type theories, we can strongly 
constrain not only the forms of the self-interaction of scalar helds but also the coupling 
terms with gravity. We will discuss whether symmetries are essential for the consistency by 
investigating the (non)unitarity of held theories with the Lifshitz scaling |llj . 
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